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In this note we first consider the quasilinear periodic-parabolic 
Neumann problem 
$iu=f(l,u,Vu) inQxR 
au G'O on anm 
U(', t)=u(., t+ T) on 0, VtER, 
(*I 
under the assumption that Sz is a bounded domain in RN and 
f: R x IR x RN -+ IR is a function which is periodic in t of given period T> 0. 
Problems of this type arise naturally in many applications, such as 
population ecology or population genetics, if one assumes that the growth 
rate is subject to seasonal variations. In such situations stable periodic 
solutions are of particular interest. It is shown in [8] that one of the most 
useful tools for constructing periodic solutions, the method of sub- and 
supersolutions, guarantees the existence of stable periodic solutions. More 
precisely, [8, Theorem 1) says that between order-related strict sub- and 
super-solutions for problem (*), there is at least one stable solution. In this 
paper we assume that the nonlinearity f does not depend explicitly on 
XESZ and are interested in the structure of stable periodic solutions. We 
prove that if either (i) Q c RN is convex or (ii) f(t, ., . ): RN+’ -+ R is con- 
cave or convex for all t E R, stable solutions ZJ = u(x, t) of (*) are indepen- 
dent of XELJ, i.e., only functions of time. 
Since equilibrium solutions of an autonomous equation are periodic, our 
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results immediately imply that stable solutions of the elliptic Neumann 
problem 
--du=f(u, Vu) in 52 
au (**) g=o on ai 
are necessarily constants, provided either (i) 52 is convex or (ii) f is con- 
cave or convex. We thus extend results of Casten and Holland [6] and 
Matano [17, Theorem 5.11, who consider problem (**) only in the 
variational case where f is independent of VU. In addition, Casten and 
Holland assume that in case (ii) f(u) is strictly concave or strictly convex. 
As in [6, 171 our arguments are based on the principle of linearized 
stability, but of course there is no variational characterization of the prin- 
cipal eigenvalue available now. In the proof of Theorem 1, which treats 
case (i) of convex domain Q, we employ instead an inequality which is 
reminiscent of the version of Kato inequality [ 121 used also in [ 11,20,4]. 
The proof of Theorem 2 on concave or convex nonlinearities involves 
the discussion of a linear evolution equation with noncontinuous 
inhomogeneity. 
The weakly coupled system 
ad y&-cridui=fi(t, u',..., zf) inQxR 
ad Z'O on L?QxR (***) 
d(.,t)=d(*, t+ T) on Sz, Vt, 
i= 1 ,..., r, with fi: R x IL!’ + R being T-periodic in t and ci > 0 (i = l,..., r), is 
said to be a cooperation-diffusion system if af,latti > 0 for i #j, 1 d i, j 6 r. 
Such systems have been considered, e.g., by Kishimoto and Weinberger 
[13] in the autonomous case. They showed that a stable smooth 
equilibrium solution u = (u’,..., ur) in a convex domain s2c UP” is a con- 
stant. With minimal modification the method of proof of Theorem 1 is also 
applicable to cooperation-diffusion systems and guarantees the spatial 
homogeneity of stable periodic solutions (Theorem 3). The change of 
variables u1 = u’, v2 = -U* reduces a periodic two-species competition-dif- 
fusion system (i.e., af,/atti < 0 for i #j, 1 < i, j d 2) to one of the type con- 
sidered here; our result thus holds also for such systems. 
We note that the indirect argument used in [13] also works for the 
quasilinear elliptic problem (**); it is, however, not clear whether the 
rather involved construction carried out in [13] can be adapted to either 
the periodic-parabolic equation (*) or the system (***). 
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1. STATEMENT OF THE RESULTS 
Let Qc RN be a bounded domain with boundary &2 of class C*+” 
(p E 10, 1 [ ). Moreover assume the function f: (t, 5, q) E [w x R x RN -+ 
g(t, 5, q) E R is continuous, T-periodic, and of class Pi2 in t uniformly for 
(5, q) in bounded subsets of Rx RN, and such that @/at and aflarl, 
(j= I,..., N) exist and enjoy the same smoothness properties as J: Further 
assume there exists a function c: R + -+ R + such that 
If(t, r, rl)l <C(P)(l + Id’) 
for every pb0 and (t,&q)~Rx[-pp,p]xRN. By a solution of (*) we 
mean a classical solution, more precisely a function belonging to the 
Holder space C 2+P,‘+P’2(a x R). The existence results based on the theory 
of sub- and supersolutions (e.g., [3, 8, lo]) give at least this degree of 
smoothness. The solution u of (*) is stable provided to arbitrary E > 0 there 
exists 6 > 0 such that if ii, E C;+,““(Q) satisfies llfi, - u( ., O)(l c(BJ < 6, then for 
the solution ii of the corresponding initial boundary value problem with 
ii(~,O)=&wehave Ilii-~ll~~~~~~,~~, <E (here C$+J’(Q) := {WE C*‘p(D): 
dNJ/,lan = 0 on %2}). The solution u is unstable if it is not stable. 
We are now in position to state the main results of this paper. 
THEOREM 1. Assume in addition that Q c RN is convex, and let 
UE C3,‘(~ x R) be a stable solution of (*). Then u is independent of XE a, 
i.e., only a function of time. 
THEOREM 2. Assume f( t, . , ): RN + ’ + F% is either concave or convex for 
all t E R. Then any stable solution of (*) is independent of XE 8. 
The additional regularity imposed on the solution in Theorem 1 follows 
if aQ and f are somewhat smoother than stated in the hypotheses; cf. the 
remark at the end of Section 2. 
The subsequent results on the elliptic problem (**) are now immediate 
consequences of Theorems 1 and 2, respectively. Here we assume 
f: [w x RN + [w satisfies the same growth and smoothness conditions as in 
the nonautonomous case. 
COROLLARY 1. If 52 c RN is convex, any stable solution UE C’(a) of 
problem (** ) is a constant. 
COROLLARY 2. If f is either concave or convex in (5, n) E I!4 x RN, any 
stable solution of (**) is a constant. 
A simple extension of the method of proof of Theorem 1 gives the 
following result for cooperation-diffusion systems. 
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THEOREM 3. Assume Q c RN is convex, and let u = (u’,..., ur) E 
C3,‘(Q x R; W) be a stable solution of problem (***). Suppose 
(afJiJui( -, u( ., . )) > 0 in C(Q x R), for i # j, 1 < i, j < r. Then u is spatially 
homogeneous. 
Restricting attention to autonomous systems, we obtain as a special case 
the result of Kishimoto and Weinberger [ 131. 
2. SPATIAL HOMOGENEITY IN CONVEX DOMAINS 
In this section we assume that Q c IWN is convex. For the proof of 
Theorem 1, we fix the constants p > N and tl E IO, I[ such that a > 5 + N/2p 
and p < 2c( - 1 - N/p, and note that A : = -A, with D(A) = W&p(a) : = 
{WE W’,j’(Q): aw/an = 0 on aQ}, is a sectorial operator in the space 
X : = Lp(s2). By our choice of p and a, the fractional power space Xa is 
continuously embedded in C’ ‘“(0) (e.g., [3, Proposition 4.1]), and 
I? (t, w) ---, F(t, w) : = f(t, w, VW) maps [w x Xa continuously into X. 
Let u E C3y1(Q x Iw) be a stable solution of problem (*). Differentiating 
u,-Au=f(t,u,Vu) 
with respect o xi (1 d i < N), we get 
l4 (.X, - Au, = $ (t, u, Vu) u, + f af (t, u, Vu) u,,,,>. 
j= 1 arl, 
Since u~,~, is continuous in ax [w, it is u*,,~= Us,.,, and we see that 
u,, E C2*‘(Q x Iw) is a periodic solution of the linear differential equation 
9’ux, = mo(x, t ) u,*, (2.1) 
where 9’ stands for the differential expression 
y’:=$-A- i df(t,u,Vu)-$ 
.i=l a% J 
and m. = (af/ag)( t, U, VU). 
Let u : = (xi (u,)~)“~, and for E > 0 define the function v, E C2*‘(Q x [w) 
by v, : = (v2 + E*)“~. Using (2.1), a simple calculation similar to that in [ 12, 
Proof of Lemma 33 yields 
v3’vE + 1 tu,,J2 - 2 (v,J2 = mou2. (2.2) 
i,i J 
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Now 
4 c (v,J2 =c c i j ( i ..A..J 
6 vf c (u.q,.J2* i, i
Hence (2.2) implies 
YVE < m,(v*/v,). (2.3) 
Since (au/&)(., t) =0 on XJ for each t E R, it follows from [18, Proof 
of Theorem I] (cf. also [6, Proof of Theorem 21 or [ 17, Lemma 5.31) 
that a(v,2)/&r = a(~‘)/& GO and hence I%,&% GO on aQ x R. Let 
k> Il~ollc(nxR)~ and let W, E C*+“,’ +p’2(sZ x R) be the solution of 
2 
(Y’+k)w,=m,~+kv, inOxR 
0, 
a WE x=0 on aQxR 
W,(‘, t)=w&., t+ T) on Sz, Vt, 
whose existence is guaranteed, e.g., by [3, Theorem 1.11. By the parabolic 
maximum principle [19, pp. 173-1741, w, > v, >O in C(sZ x R). Since 
m,(u*/v,) + kv, < 2kv, < c for 0 < E < E , o, we get a bound for w, in C(D x R), 
for O<E<.E~. Now 
(9’ + k) w, = m,(v*/v,) + kv, -+ (m. + k) u 
in C(B x R), hence also in Lp(sl x [0, T]), as E L 0. By a standard 
argument using [lS, Sect. IV.91 and the T-periodicity of the functions 
involved, it follows that (w,) is a Cauchy sequence in W$‘(Q x [0, T]), 
which space is continuously embedded in C’ +“,(l +0)‘2(sZ x [0, T]) for some 
O<o<l. Thus w,+w as &LO, with w being T-periodic, wdu>O in 
0 x R, and &v/an = 0 on K! x R. Moreover 
(Y+k)w=(m,+k)v<(m,+k)w 
and hence 
(2.4) 
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in Lp(Q x [0, T]), where h = (m,, + k)(u - w) E C”( [0, T], X), 0 < CJ’ < 1. 
We may write (2.4) as a periodic linear evolution equation of parabolic 
tYPe 
2 (t)+A(t)w(t)=h(t) (fE[W) (2.5) 
in the space X, the operator A(r) being defined by 
A(t) := A - f af (t, u, Vu) -- 
j=, hj 
;i",, $ (t, 4Vu). 
J 
By the results of Sobolevskii and Tanabe (e.g., [21, Sect. 5.2]), (2.5) has a 
fundamental solution U(t, s), and hence 
w(0) = w(T) = U( T, 0) w(0) + Io= U( T, s) h(s) ds (2.6) 
in C(a). It is well known (e.g., [3, p. 253) that U(T, 0) is a compact, 
strongly positive operator in C(Q). 
Assume now that the T-periodic solution u of (*) is not constant in 
space, i.e., u > 0 in C(w x OX) (which means that u > 0, but u #O, in 
C(o x R)). Since J-r U(T, s) h(s) ds < 0, and since we may assume by 
periodicity that w(O)2 u(O)>0 in C(a), it follows from (2.6) and the 
theory of positive linear operators in ordered Banach spaces (e.g., [14, 
Theorem 2.161) that spr U(T, O)> 1. 
Let us assume that spr U( T, 0) = 1. Then 
s 
r 
U( T, s) h(s) ds = 0 (2.7) 
0 
and w(0) is the principal eigenfunction of U( T, 0) to the principal eigen- 
value. Thus w(0) + 0 in C(Q), i.e., w(x, 0) >O for all XE~. Since all the 
U(T, s) (0 <s < T) are positive operators, (2.7) implies that h(s) =0 for 
0 <s < T, and hence u = w. But u(., 0) = (xi (u,(., O))‘)“‘, and at the 
points X E D where u( ., 0) attains its maximum and minimum values, 
u(,i& 0) = 0 (if X E XJ, we use the boundary condition (&@)(X, 0) = 0). We 
arrive at a contradiction, and therefore spr U( T, 0) > 1. 
We can now apply [9, Theorem 8.1.21 to deduce that u is unstable. In 
fact, it is shown in [9] that there exist solutions ii of the original nonlinear 
initial value problem such that IlG( ., 0) - u( *, O)ll o1 is small (II * 1) o1 = natural 
norm in .??), but r2( ., 1) is not close to u( ., t) in the X-norm for large t. 
Since the embeddings X” c C(a) c X are continuous, we infer that u is 
unstable in the original norms. 
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This proves Theorem 1. 
The proof of Theorem 3 necessitates only minor changes. Introducing 
the T-periodic functions ui : = (Ck (a:,)‘)“” and u: : = ((u~)~ + a2)li2 
(i = l,..., r; E > 0), we first get 
auf<o 
an ’ on aszxrw. 
Choosing k > )I (afJiM)( ., u(. ))[I cco x njr we define W: by 
a -- 
at + 1 z vi+ kv;, /#i au’ 
inQxR 
&cm 
an -0 on aszxrw 
wit., t) = wg ., t + T) on a, Vt. 
Employing the parabolic maximum principle and passing to the limit E \10 
we obtain T-periodic functions w’3 vi B 0 satisfying awi/i?n = 0 on as2 x R 
and 
wi-c % w’=: h’<O 
i ad in Sz x R, 
where hi = (afi/aui + k)(d - w’) + xi+ i (af,,lad)(d - w’). The rest of the 
proof parallels that of Theorem 1. That the system (2.8) has a fundamental 
solution U(t, S) consisting of strongly positive compact operators in C(Q)r 
for 0 B s <: t follows, e.g., from the results in [2]. 
Remark. For completeness we show that a periodic solution 
UE C2+p*‘+f112(G x W) of (*) lies in C3”(a x R) if, e.g., &Se C3+fi and the 
function f and their derivatives with respect to 5 and qj, up to second 
order, are locally Lipschitz in (t, 5, q). 
In fact, the map F is then locally Lipschitz: Rx x” + X, and [9, 
Theorem 3.5.21 implies that t + h(t)/& E X” is locally Holder continuous. 
Since Au(t) = F(t, u(t)) - du(t)/dt =: g(t) and t + g(t)E W’~P(Q) is locally 
Holder continuous, it follows by [ 1, Theorem 15.21 that t ++ u(t) E W3,p(sZ) 
is locally Holder continuous. Hence t H F(t, u(t)) E W’2VP(Q) and finally 
t-g(t)Ec ( I+@ 8) are locally Holder continuous maps. The claim now 
follows by invoking [l, Theorem 7.33. 
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3. SPATIAL HOMOGENEITY FOR CONCAVE NONLINEARITIES 
We now prove Theorem 2.Here 52 c RN may be an arbitrary bounded 
domain with %2 of class C2+p, but we assume that f(t, ., . ): IX”‘+’ + R is 
concave for all t. For a convex nonlinearity, Theorem 2 then follows by a 
change of variables from u to -a, which transforms the convex to a con- 
cave nonlinearity. 
Let UE C2+P,1+“‘2(Dx W) be a solution of (*). We define the T-periodic 
function c: R -+ [w by 
c(f) : = mEa; U(X, t) (t E 03). 
For each t E R let M(t) : = {x E 0: u(x, t) = c(t)}. We first note that c is 
Lipschitz continuous. In fact, if ti E [0, r] and xi E M( ti) (i = 1, 2), we have 
without loss of generality 
s 4x2, f2) - 4x2, [I) = 4x2, r)(t, - t, 1, 
and the claim follows. Hence c is absolutely continuous and thus differen- 
tiable a.e., with c’EL~([W). We calculate the derivative. Let t, be a point 
where c is differentiable, let t < t,, and let x0 E M(t,), x E M(t) be arbitrary. 
Then 
c(to) - c(t) = 4x0, to) - 4% t) ~ 4x0, to) - 4x0, t) 
to-t to-t to-t 
and in the limit t 7 to we get c’(to) < uI(xO, to). Similarly one proves 
c’(t,) B u,(xO, to), and thus 
c’(t) = 24,(x, t) VxEM(t), for a.e. t E IR. (3.1) 
Let R c R be the set where c is differentiable. We prove that c’/R is a con- 
tinuous function. Indeed, suppose toe R is a point of discontinuity. Then 
there exist s,>O and sequences (t,), (x,) with t,,E R, t, + lo, and 
x, E M(t,), such that 
b&7, l”) - 4(x, toll 2 co Vn, vx E M( to). (3.2) 
Since a is compact, x, +x* (for a subsequence), and it follows that 
IW”7 t,) - w*, to)1 + 0 (n + al). (3.3) 
By continuity of c, u(x,, t,) = ~(1,) + c(to), and on the other hand 
u(x,, tn) + u(x*, to). Hence x* E M(t,). But then (3.2) and (3.3) are incom- 
patible, which proves the continuity of c’/k 
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Using the same notations as in Section 2, we have 
-$ (C-u)(t)+A(c-u)(t)=c’(t)--f(t,u,Vu) 
in X, for a.a. t E R. By concavity off, 
(3.4) 
N Q- + c - (6 u, Vu)(c - u),,. 
j= 1 aVj 
Hence 
& (C-u)(t)+A(t)(c-u)(t)<c’(t)-j-(t,c,O)=:g(t) (3.5) 
for a.a. t E R, where A(t) is the sectorial operator defined by 
a df Atf):=A- f df(r,~,Vu)x~(r,u,Vu) 
j= I anj I 
and the T-periodic function g lies in L” (R, X). 
We now distinguish between two cases: (1) g(t) < 0 for a.e. t E I&!, and (2) 
g(t) > 0 on a set of positive measure. 
Case 1. g(t) < 0 for a.e. t E R. Let us define the function h E L”(R, X) 
bY 
-$ (c-u)(t)+A(t)(c-u)(t)=:h(t), (3.6) 
and let LJ(t, s) be the fundamental solution associated with the differential 
equation (3.6). We claim that 
(c - u)(T) = U( 7’, O)(c - u)(O) + loT U( T, s) h(s) ds (3.7) 
in X (this is well known if h E C(W, X)). To prove (3.7), one first shows 
directly that 
2 (U(t, s)(c - u)(s)) = U(t, s)(c - u)’ (s) + utt, s) A(s)(c- u)(s) 
(3.8) 
= U(t, s) h(s) 
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for every s E R, using the strong continuity, hence boundedness, of V( t, s) 
in s and [21, p. 125, (5.33)]. Next we note that the map 
s H U(t, s)(c - U)(S) is Lipschitz continuous from R to X. Thus we can 
invoke [S, Corollary A.21 in the reflexive space X and obtain (3.7) by 
integrating (3.8) (for t = T) over [0, r]. Since (c - u)(T) = (c-u)(O), we 
get 
(I- U(T, O))(c - u)(O) = jo= U( T, s) h(s) ds, (3.9) 
first in X and-since the left-hand side of (3.9) lies in C(@---in C(D). 
Suppose now the solution u of (*) is nonconstant in the space variable, 
i.e., u < c in C(a x R). We may assume without loss of generality that 
(c - u)(O) > 0 in C(a). Further we note that h(t) < g(t) < 0 for a.e. t E R. 
Thus the right-hand side of (3.9) is nonpositive in C(a), and we infer as in 
Section 2 that spr U( T, 0) 2 1. But spr U( T, 0) = 1 implies that h(s) = 0 a.e., 
and that (c-u)(O) is the principal eigenfunction of the strongly positive 
operator U( T, 0). Hence (c - u)(O) ti 0 in C(o), contradicting the defmition 
of the function c. Consequently spr U( T, 0) > 1, and the instability of the 
solution u follows as in the proof of Theorem 1. 
Case 2. g(t) > 0 on a set of positive measure in R. In this situation we 
can find t, E R such that g(to) > 0, and by continuity of c’/R there exist a 
nontrivial interval [t,, t2] and a number 6 > 0 such that g(t) > 6 a.e. in 
[t,, f2]. Again by concavity of f(t, *, . ), 
$, g (cc, w-4,. 
We conclude that 
for a.e. t E R, where the sectorial operators A”(t) are now defined by 
A”(t) := A - f af (2, c, 0) 
j=* atl, 
-&g (6 c, 0). 
J 
Arguing as in the first case, setting g(t) : = (d/dr)(c - u)(t) + a(r)(c - u)(t), 
and noting that z(t) 2 g(f) 2 6 a.e. in [tl, r2], we obtain 
(c-u)(tZ)= n(t,, tl)(c-u)(tl)+J” i@,,s)I;(s)ds. 
II 
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and since Zi(t,,t,)(c-u)(t,)>O, we infer that (c-~)(t~)gO in C(d), in 
contradiction to the definition of the function C. Consequently this case 
cannot occur. 
This proves Theorem 2 completely. 
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